Finally, we apply the theory of basic groups to obtain an intrinsic characterization of the Hopf algebras (over F ) that are isomorphic to H(L) for some Lie algebra L.
Introduction.
Let L be a finite-dimensional Lie algebra over an algebraically closed field F of characteristic 0. Then the Hopf algebra H (L) of representative functions of L is the (continuous) dual of the universal enveloping algebra U (L) of L whose elements are the linear functionals on U (L) which vanish on an ideal of finite codimension [H4, p. 56] , [S] . The Hopf algebra H (L) over F has been investigated by Hochschild [H2] - [H6] . If L = [L, L] , then L is canonically isomorphic to the Lie algebra of all differentiations of H (L) [H4, Thm. 6 .1]. But, in general, there exists an uncountable collection of non-isomorphic Lie algebras with isomorphic Hopf algebras [H-M5, p. 1150] . However, H (L) can still determine many invariants of L of which the most important seems to be the Hochschild basic group B(L) of L which is a naturally defined affine algebraic group whose Lie algebra contains L as an algebraically dense Lie algebra [H6, Section 3] . simply connected affine algebraic group G is determined up to isomorphism from its Lie algebra L (G) . (Moreover, G is a direct factor of the basic group of L (G) .) (ii) If ad : L → DerL is the adjoint representation of L, and T is a maximal toral subalgebra of the radical of the algebraic hull of ad (L) in DerL, then L + T (semi-direct) with the adjoint action of T on L is isomorphic to the basic Lie algebra L(B (L) ) of L (Theorem 4.4).
If A is a commutative Hopf algebra over F , then A is isomorphic to some Hopf algebra H(L) where L is a finite-dimensional Lie algebra if and only if A satisfies the following properties:
(i) A is an integral domain;
(ii) there is a group isomorphism from the additive group P of the primitive elements of A onto the multiplicative group Q of the group-like elements of A;
(iii) there exists a right stable affine subalgebra B of A such that A = B F [Q] , and B has no proper affine unramified extensions (Theorem 5.2). The proof of this result relies on a generalization of Magid's intrinsic characterization of the affine algebraic groups isomorphic to Bot (L) for some L, as well as his argument that Bot (L) determines G (L) up to isomorphism [Ma3, Thms. 6 and 13] .
We note that our criteria for Hopf algebras isomorphic to H (L) are slightly simpler and sharper than those of Reinoehl in [R2, p. 181] (which are (i) and (ii) as in our criteria above together with the following variation on (iii): there exists a left stable affine subalgebra B of A such that A = B [Q] , A is a free B-module with basis Q, and the semi-simple part B S of B is a Hopf subalgebra of A and has no proper affine unramified extension in any Hopf algebra containing B S ). We would like also to note that our proof is much easier than that of Reinoehl in [R2] , although more is shown by Reinoehl if A satisfies his criteria. Note that his result is a generalization of a similar result for complex analytic groups due to Hochschild and finite-dimensional Lie algebra over F . If G is a pro-affine algebraic group, A [G] is its Hopf algebra of polynomial functions, Hom(G, F ) is its group of rational (polynomial) additive characters, X(G) is its group of rational multiplicative characters, L (G) is its Lie algebra, G 1 is its identity component, G u is its unipotent radical, rad (G) is its radical, and [G, G] is its commutator subgroup. [L, L] and rad (L) are defined the same way, and U (L) is the universal enveloping algebra of L. If f is a morphism of pro-affine algebraic groups, f 0 is its differential, and kerf is its kernel.
If G is a pro-affine algebraic group, a subspace of A [G] is left (resp. right) stable if it is stable under the left (resp. right) translation action of G given by (g.f )(x) = f(xg) (resp. (f.g)(x) = f(gx)) where g ∈ G and f ∈ A [G] . If S is a subspace of a Hopf algebra A with comultiplication γ where A = H (L) or A = A [G] , then S is left (resp. right) stable in the above sense if and only if γ(S) ⊂ S A (resp. γ(S) ⊂ A S). The subspace S is called bistable if it is both left and right stable.
Let Q(L) be the (multiplicative) group of group-like elements of H (L) , and let P (L) be the (additive) group of primitive elements of H (L) . Then there is a group isomorphism from
The following result is contained in [H2, Thm. 5] and [H3, pp. 610-611] .
Theorem 1.1. There exists a subalgebra B of H(L) satisfying the following conditions:
(1) B is a right stable affine (finitely generated) subalgebra.
(2) H(L) = C B where C is the Hopf subalgebra F [Q(L)]. That is the multiplication map is an algebra isomorphism from C B to H(L).
In particular, B separates the elements of L. of L, and H(L) R is the left R-annihilated (Hopf subalgebra) of H (L) .
A normal basic subalgebra of H(L) is a subalgebra B satisfying (1)-(3) of Theorem 1.1, and hence satisfying (4) because normal basic subalgebras are conjugate by an automorphism of H(L) of the Exp(t(x)) where t is the left translation map and x ∈ [L, R] [G, Thm. 4.1] .
The basic Hopf subalgebra B * (L) of H(L) is defined as the smallest Hopf subalgebra of H (L) containing some (and hence every) normal basic subalgebra of H (L) . Since every normal basic subalgebra is affine, then so is B * (L) . Hence B * (L) is the Hopf algebra of polynomial functions on an affine algebraic group B (L) , termed the basic group of L [H6, p. 173] . We shall identify L with its cannonical image in L (G(L) ), the Lie algebra of all (L) ] separates the elements of L by condition (2) of Theorem 1.1 [H6, p. 175] .
Remarks.
1) The normal basic subalgebras of H (L) can be characterized purely in terms of the Hopf algebra H (L) . Specifically, the third condition in the definition of a normal basic subalgebra can be replaced with the condition that B S is a Hopf subalgebra of H (L) [G, Thm. 3.1] . Moreover, the semisimple elements of H(L) can be characterized purely in terms of H (L) [R2, p. 180 
2) G (L) (L) , (so f is a restriction morphism). To see this, let π :
3) The category Mod(L) of finite-dimensional L-modules, as a tensored abelian category of finite-dimensional F -spaces, determines the Hopf algebra H (L) and vice versa. To see this, let Mod(G(L)) be the category of finite-dimensional G(L)-modules, as a tensored abelian category of finitedimensional F -spaces. Then the universal property of G (L) implies that the category Mod(L) determines the category mod (G(L) ) and vice versa. The proof of Proposition 2.3 of [L] implies that the category Mod(G(L)) determines G (L) and vice versa (see also [Ma5, p. 54] ). Hence the category Mod(L) determines the Hopf algebra H(L) and vice versa.
Basic groups of Lie algebras.
We shall need to interpret Theorem 1.1 in pro-affine algebraic group terms. For this, we need the following basic result, but, in the absence of a convenient reference, we give a proof here.
Lemma 2.1. Let G be a pro-affine algebraic group (over F ), and suppose that A[G] = S T (as algebras) where S is a bistable subalgebra of A[G] and T is a right stable subalgebra. Let S be the fixer of S in G (under left translations), and let T be the fixer of
S (under left translations) coincides with S and the T -fixed part A [G] T
coincides with T . In particular, S is a Hopf subalgebra of A[G] isomorphic to A[T ] as Hopf algebras, and T is isomorphic to A[S ] as algebras.
Proof. By considering the left translation action of G on A [G] , we can view G as the group of proper automorphisms of A [G] . These are the automorphisms of A [G] commuting with the right translation action f → f.g [H-M4, p. 1128]. Since S is left stable, S is stable under the proper automorphisms of A [G] . 
and T = A [G] T . In particular, S is a Hopf subalgebra of A [G] . Moreover, as in the affine case, A [G] S is Hopf-algebra isomorphic to A[T ], and A [G] T is algebra isomorphic to A [S ] . This proves Lemma 2.1. (L) , and let S be the fixer of C V * in G (L) . Then we have the following result.
Theorem 2.2. G(L) = U.(T ×S) (semi-direct) with the following properties:
(1) U is the unipotent radical of G (L) and dim U = dim rad(L).
(2) T is a pro-toroid whose character group X(T ) is isomorphic to P (L) and A [G] T is a normal basic subalgebra of H (L) . (L) . If G is a pro-affine algebraic group, then Q(G) is the intersection of the radical of G with the reductive part of the center of G.
Theorem 2.3. Let H be a connected affine algebraic group (over F ), and let i : L → L(H) be a Lie algebra homomorphism whose image is algebraically dense. Identify A[H] with its canonical image in H(L), and let f : G(L) → H be the restriction (surjective) morphism. Then the following are equivalent. (1) A[H] is a regular Hopf subalgebra of H(L).
(2) i is injective, P (L) ⊂ A [H] , and H/ rad(H) is simply connected. (L) , and H/ rad(H) is simply connected.
the radical of L(H), and H/ rad(H) is simply connected. (5) ker f ⊂ Q(G(L)). That is, ker f is a reductive central algebraic subgroup of G(L) contained in the radical of G(L).

Proof. First we show that (1) implies (2). A[H] is then a regular Hopf subalgebra of H(L), so it contains a normal basic subalgebra B of H(L).
Since B separates the elements of
. By restriction, this yields a surjective morphism H → S where S is the algebraic group associated with the Hopf algebra H (L) R . As in Theorem 2.2, S is a simply connected semisimple algebraic group. Hence H/ rad(H) is simply connected, so (1) implies (2). Now we show (2) implies (3). Let U be the unipotent radical of G (L) and let f u : U → H u be the restriction of f to U which is surjective because f is surjective. We need to show that f u is an isomorphism. Since P (L) ⊂ A [H] , it follows that every additive (rational) character of U induces an additive character of H u via the morphism f u . But the additive characters of U separate
• . But this last is ker i and i is injective. Hence ker (L) . Hence (3) is equivalent to (4).
We next show that (3) implies (5). Then we have dim U = dim H u = dim rad (L) , so that the surjective morphism f u : U → H u is an isomorphism. Hence ker f is reductive. Put G = G (L) . To prove [G, 
Finally, we show that (5) 
implies (1). As in Theorem 2.2, G(L) = U(T×S) and A[G(L)]
T is a normal basic subalgebra of (2) i is injective and
(3) i is injective and dim H u = dim rad(L).
(4) i is injective and L(H) = i(L) + T (semi-direct) for every maximal toral subalgebra T of the radical of L(H). (5) ker f is a reductive central algebraic subgroup of G(L).
The proof of Theorem 2.3 implies result in Theorem 2.4 in view of the following remarks. (i) Every affine coveringĤ → H induces a bijection between the additive (rational) characters ofĤ and the additive characters of H. Moreover, every affine algebraic group H has an affine covering α : H → H which is an isomorphism on the radicals such thatĤ/ radĤ is simply connected (for example, if τ : rad(H) → H is the injection morphism, then the last morphism of the universal τ -extension rad(H) →Ĥ → H given in Theorem 17 of [N] , is the unique covering α).
(ii) Let f : G(L) → H be as in Theorem 2.3. Then our covering morphism
(G(L)) if and only if ker f is a reductive central algebraic subgroup of G(L).
Definition 2.5.
(i) An algebraic hull of L is a connected affine algebraic group H together with an injective morphism i : L → L(H) with algebraically dense image.
(
it satisfies any the equivalent conditions given in Theorem 2.3 (resp. Theorem 2.4).
Corollary 2.5. Let B(L) be the basic group of L. (i) Then B(L) coincides with G(L)/Q(G(L)).
( [Ma4, Prop. 6 ].) Similarily, we have the following consequences of Theorem 2.3.
ii) If i : L → L(H) is a reduced regular algebraic hull of L, then there exists an isomorphism B(L) → H whose differential agrees with
i on L. (iii) If i : L → L(H) is a
. This implies that Q(G) = Q(rad(G)). In particular, Q(G) = (1) if and only if rad(G) has unipotent center.
Let f : G → H be a surjective morphism of connected pro-affine algebraic groups (over F ). Then f (Q(G)) ⊂ Q(H). Moreover, if ker f is reductive, then f (Q(G)) = Q(H) as seen in the proof of Lemma 11 of [N]. (See also
Corollary 2.6 [H6, Thm. 3.2]. L is algebraically dense in L(B(L)) and rad B(L) has unipotent center. If H is any connected affine algebraic group satisfying these conditions, then there exists a (canonical) surjective morphism B(L) → H whose differential coincides with the identity map on L.
Remark. In the setting of Corollary 2.6, let ρ : B(L) → H be the canonical surjective morphism whose differential agrees with i on L. Then ker ρ is in the center of B (L) and (ker ρ) 1 is a direct factor of B (L) which is an algebraic vector group [R1, Prop. 2.4] .
Algebraic Lie algebras.
For convenience, a connected algebraic group G is called almost simply connected if its radical R has unipotent center and G/R is simply connected. Note that the basic group B(L) is almost simply connected by Corollary 2.5. 
Proof. Since L is an algebraic Lie algebra, L = L (G) for some affine algebraic group G which may be chosen to have unipotent center [H1, p. 250] . By Corollary 2.6 and the above remark, there exists a surjective morphism (L) , and hence, B(L)/Z is almost simply connected by Corollary 2.5. Now let G be any almost simply connected affine algebraic with Lie algebra L. 
Moreover, if H = B(L)/Z is the unique (up to isomorphism) almost simply connected affine algebraic group with Lie algebra L, as in Theorem 3.1, and C(H) is the (finite) maximal reductive central algebraic subgroup of H, then H/C(H) is a connected affine algebraic group with unipotent center, and with Lie algebra L
Proof. Let H = R.S (semi-direct) where R = rad(H) and S is a maximal semisimple algebraic subgroup of H. Since H = B(L)/Z is almost simply connected, C(H) ⊂ S. Let S 0 be the center of S. Since S 0 is a finite algebraic subgroup of H, and H is connected, it follows that S 0 is in the center of H (for example, [H, S 0 ] is connected with trivial Lie algebra). Hence C(H) = S 0 . Now H = R.S (semi-direct), R has unipotent center, and L(H) = L. Hence H/C(H) has unipotent center with Lie algebra L. Now let G be any connected affine algebraic group with unipotent center whose Lie algebra is L. As in the proof of Theorem 3.1, we have a surjective morphism ρ : B(L) → G where B(L) = Z × H and Z = (ker ρ ) 1 . Since G has unipotent center, it follows that the kernel of the restriction of ρ to H is C(H ). Hence G is isomorphic to H /C(H ). But H is isomorphic to H as seen in the proof of Theorem 3.1. Hence G is isomorphic to H/C(H).
Lie algebras with the same Hopf algebra.
We shall need the fact every connected affine algebraic group over F has a universal (simply connected) pro-finite covering [H5, Thm. 5 .1]. Moreover, a pro-toroid T is simply connected if and only if its character group X(T ) is a rational vector space [P, p. 220] . Note that, if K is a normal algebraic subgroup of a pro-affine algebraic group G, then G is simply connected if and only if K and G/K are simply connected [H5, Thm. 5.2] .
The following general result is contained in the proof of Theorem 6 of [Ma3] in which Magid shows that, over C, Let ad (L) + be the algebraic hull of ad (L) in DerL, and let T be a maximal toral subalgebra of the radical of ad (L) + . Then the semi-direct Lie algebra L = L + T (with the adjoint action of T on L) is isomorphic to the Lie algebra of the basic group L under an isomorphism which is the identity on L and mapping T onto the Lie algebra of a maximal toroid of the radical of the basic group of L. L) has no central tori, it follows that the restriction of α to D is an isomorphism onto T . Moreover, D is a maximal toral subalgebra of the radical of L(B (L) ) because T is a maximal toral subalgebra of the radical of ad (L) + Our next goal is to construct all Lie algebras whose Hopf algebras are isomorphic to H (L) . Let D be a maximal toral subalgebra of the radical of L(B (L) ), and put
is affine, T is a pro-toroid whose character group X(T ) is a rational vector space, and S is a simply connected semisimple affine algebraic group (so G is simply connected). Let f : G → H be a surjective morphism onto a connected affine algebraic group
H such that (ker f ) 1 is a central pro-toroid of G. Then H determines G up to isomorphism. Specifically,
ifĤ is the universal pro-finite covering of H, and D is the pro-toroid with character group
Similarly, let L = L+T (semi-direct) as in Theorem 4.4, and put (L) .
Hopf algebras of Lie algebras.
First we characterize those algebraic groups which are basic groups of Lie algebras. The proof of Theorem 5.1 below is a modification of the proof for bottom groups in the complex case given by Magid in Theorem 13 of [Ma3] . L) ). Conversely, suppose G is almost simply connected with the property that either G u = rad (G) or G has a non-trivial additive character. If G u (G) by Corollary 2.5, so we assume that G has a nontrivial additive character f . Let T = (F * ) n be a maximal toroid of rad (G) , and choose α 1 . . . α n ∈ F be linearly independent over the field of rationals. Put A = L (G u (L) and L (G u (1)- (3). In fact the normal basic sub algebra B = A [G] T in Theorem 2.2 has no proper unramified extensions because B is isomorphic to the algebra A [US] and US is a simply connected affine algebraic group. Conversely, suppose A satisfies (1)-(3), and let A = A [G] where G is the proaffine algebraic group with Hopf algebra A. Then Lemma 2.1 implies that G = H.T (semi-direct) where H is a simply connected affine algebraic group whose algebra is isomorphic to B and T is a pro-toroid whose character group is isomorphic to Q, and hence P . In fact T is simply connected because its character group P is a rational vector space. Since H is simply connected and affine, H = US (semi-direct) where U = H u and S is a (maximal) simply connected semisimple affine algebraic group of H [H4, Thm. 2.3]. Hence G = US.T (semi-direct). Now U is evidently normalized by T , so U = G u .
Let R be a maximal reductive algebraic subgroup of G containing S, and let T be the connected component of the centralizer of S in R. Then R = S.T where S ∩ T is finite as in [H5, p. 414] 
(S × T ). Moreover, X(T ) is isomorphic to X(T ), so X(T ) is isomorphic to P = Hom(G, F ). But G = U.(S × T ).
Hence we either have G u = rad(G) (i.e., T = (1)) or G has a non-trivial additive rational character. Consequently, by Theorem 5.1, G/Q (G) is the basic group of some Lie algebra L. By Corollary 4.2 and Theorem 4.1, G (L) is then isomorphic to G (as pro-affine algebraic groups) because both groups are isomorphic to (G/Q(G) ) * × D where (G/Q(G)) * is the universal pro-finite covering of G/Q (G) and D is the pro-toroid with character group Hom(G/Q(G), F ). Hence H (L) and A [G] = A are isomorphic Hopf algebras. This proves Theorem 5.2.
The above proof shows that if A = A [G] is a commutative Hopf algebra satisfying conditions (1)-(3) of Theorem 5.2, then the Lie algebra L constructed in the proof of Theorem 5.1 with G/Q(G) as a basic group has the property that A is isomorphic to H (L) .
